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Abstract
A generalized discrete Conley index for non-invariant sets is used to prove the existence of chaotic
dynamics on some Julia sets. Chaos is detected through a semi-conjugacy to a one sided shift space.
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1. Introduction
The Conley index of an isolated invariant set for discrete time dynamical systems
has been defined in [8,13,3]. For every isolated invariant set there exists a special type
of isolating neighborhood, called an isolating block, which can be conveniently used to
directly compute the Conley index. In this sense, one can regard the index as assigned to
an isolating block. The index is robust under small perturbations and it satisfies a natural
summation property. It also satisfies the so-called Waz˙ewski property, which states that
there exists a non-empty invariant set within an isolating block whenever its Conley index
is non-trivial. One can also detect fixed points and periodic orbits [6,9], or the presence of
chaotic dynamics [2,14].
The Conley index of a non-invariant set has been introduced in a series of recent
papers [4,5], as an extension of the classical one. This new index is associated to a (non-
invariant) compact set whose successive iterates stay isolated within a prescribed sequence
of compact blocks. Alternately, one can regard this index as assigned to a given sequence
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of blocks whose components are correctly aligned under forward and backward iterations.
This new type of invariant satisfies properties similar to the classical Conley index, and it
can also be used to prove the existence of chaotic behavior, in a more flexible and accurate
way (see [4]). An application of this technique in detecting symbolic dynamics in relation
to an Arnold diffusion type of phenomenon can be found in [11].
In this note we describe the chaotic dynamics on some Julia sets using the tools of the
Conley index for non-invariant sets. We detect chaos through a semi-conjugacy to a shift-
space. Given two dynamical systems (X,f ) and (Y, g), a semi-conjugacy from f to g is a
surjective continuous map ρ :X→ Y so that g ◦ ρ = ρ ◦ f . A conjugacy is just a bijective
semi-conjugacy. The existence of such a semi-conjugacy implies that the dynamics on X
is at least as complicated as the dynamics on Y . For example, the topological entropy of g
is a lower bound for the topological entropy of f . If ρ satisfies the additional property that
the inverse images of periodic orbits of g contain periodic orbits of f , then the periodic
orbits of f are at least as numerous as the periodic orbits of g. We call a dynamical system
chaotic if it is semi-conjugate to a shift space of positive topological entropy.
Using Conley index theory, we will give simple proofs for the facts that the dynamics on
Julia sets of polynomial maps for which all critical orbits escape to infinity, or all but one
of the critical orbits escape to infinity, are chaotic. The first result is known in the literature
in its strongest form: there actually exists a conjugacy to a one sided shift (see [1,10]). The
second result is new as far as we know, and sharp, in the sense that it can be proved that
there exists no conjugacy (see [7]). The advantage of our method is that it provides a purely
topological argument, once some complex analysis machinery has been developed.
2. Preliminaries
Let N denote the set of all non-negative integers, and ΣN the space of all sequences of
symbols in {1, . . . ,N},
ΣN = {a = (ai)i∈N: ai ∈ {1, . . . ,N} for each i ∈N}.
The topology on {1, . . . ,N} is the discrete topology and the topology on ΣN =
{1, . . . ,N}N is the product topology. Let σ :ΣN → ΣN be the shift map which moves
every sequence one place to the left,
σ(a0, a1, . . .)= (a1, a2, . . .).
This is a continuous and non-invertible map on ΣN , whose topological entropy equals
lnN . The pair (ΣN,σ) is called a (full) one sided shift space. We can restrict σ to
invariant subspaces of sequences for which only certain successions of terms are allowed.
Let A= (αij )i,j∈{1,...,N} be a transition matrix of entries αij ∈ {0,1},
ΣNA =
{
a ∈ΣN : αaiai+1 = 1 for all i ∈N
}
,
and σA = σ|ΣNA . The pair (Σ
N
A ,σA) is called a sub-shift of finite type. Its topological
entropy is ln |λ|, where λ is the largest (in absolute value) eigenvalue of A. If the
topological entropy is positive, then we say that (ΣNA ,σA) is chaotic. A sufficient condition
for chaos is that A is primitive, i.e., for some non-negative n all entries of An are positive.
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This condition implies also the existence of a dense forward orbit. As a reference for these
facts in symbolic dynamics, we recommend [12]. For our purposes, we call a dynamical
system chaotic if it is semi-conjugate to a chaotic sub-shift of finite type.
In the sequel, let f be a continuous map on a locally compact metric space X. A set
in X is said to be an ENR (Euclidean neighborhood retract) if it is homeomorphic to a
neighborhood retract in some Euclidean space. We assume that all of the subsets of X we
will consider through the remainder of this section are ENRs. Such a condition is required
in the proof of Theorem 2.1, which relies on the Lefschetz fixed point theorem. A subset
S of X is said to be positively invariant with respect to f if f (S) ⊆ S, and invariant if
f (S)= S = f−1(S). We denote by H ∗ the Alexander–Spanier cohomology functor with
coefficients in R, a principal ideal domain. A sequence {Ni}i∈N of compact subsets of X
is called a block sequence if f (Ni−1) ∩Ni ∩ f−1(Ni+1)⊂ intNi for all i  1. For every
block Ni we define an ‘exit set’ Li := Ni \ f−1(intNi+1), which satisfies the following
properties:
f (Li) ∩Ni+1 ⊆ Li+1, (1)
f (Ni \Li)⊆Ni+1. (2)
See Fig. 1.
Using the strong excision property of the Alexander–Spanier cohomology functor, we
naturally define connecting homomorphisms
F ∗i :H ∗(Ni+1,Li+1)→H ∗(Ni,Li),
obtaining a graded directed sequence of R-modules and homomorphisms
· · ·→H ∗(Ni+1,Li+1)
F ∗i−→H ∗(Ni,Li)−→ · · ·
F ∗0−→H ∗(N0,L0).
Applying the Leray functor to this sequence (see [5,8]), we obtain a graded directed
sequence of isomorphic R-modules and distinguished connecting isomorphisms, which
is, by definition, the discrete Conley index Con∗({Ni}i ) of the block sequence.
The following theorem states that, if the phase space of a discrete dynamical system
can be decomposed into blocks which are correctly aligned under forward and backward
Fig. 1. A block sequence.
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iteration, then Conley indices of various block sequences can be computed and existence
of chaotic dynamics can be proved.
Theorem 2.1. Let {Bi}i∈{1,...,N} be a finite collection of pairwise disjoint compact sets
satisfying
f (Bi)∩Bj ∩ f−1(Bl)⊆ intBj , for all i, j, l ∈ {1, . . . ,N}. (3)
Define the matrix A= (αij )i,j∈{1,...,N} by
αij =
{
1 if intf (Bi)∩ intBj = ∅,
0 otherwise. (4)
For every i, j, l ∈ {1, . . . ,N} satisfying αij αjl = 1, defineNi := Bi ,Li := Bi \f−1(intBj ),
Nj := Bj , Lj := Bj \ f−1(intBl) and F ∗ij :H ∗(Nj ,Lj )→H ∗(Ni,Li) the corresponding
connecting homomorphisms. Assume that there exists m  0 such that, for all i, j, l as
above, we have
Hk(Ni,Li)=Hk(Nj ,Lj )=
{
R for k =m,
0 otherwise,
and
Fkij =
{
id for k =m,
0 otherwise.
Then, for every a ∈ΣNA , {Nai }i is a block sequence,
Conm
({Nai }i)= · · ·→ R id−→ R id−→R→ ·· · id−→ R,
and Conk({Nai }i ) = 0 for all k = m. Therefore, there exists a positively invariant set
S ⊆ B1 ∪ · · · ∪ BN , and a semi-conjugacy ρ :S → ΣNA , such that the inverse image of
each periodic orbit of σ contains a periodic orbit of f .
Moreover, there exists a neighborhood N of f in the compact-open topology such
that every continuous function g ∈ N is semi-conjugate to σA, and the inverse images
of periodic orbits of σ contain periodic orbits of g.
The proof can be found in [4].
3. Chaotic Julia sets
We present two applications of the previous result on chaotic Julia sets.
If f : Ĉ→ Ĉ is a polynomial map of degree d > 1 on the Riemann sphere, a periodic
point of period p is called repelling if the absolute value |λ| of its multiplier λ= (f p)′(z),
is strictly greater than one. The Julia set J = J (f ) associated to f is the closure of the
set of all repelling periodic points. It follows that J is invariant with respect to f , and for
every neighborhood U of a point in the Julia set, f n(U) contains the entire Julia set, for
some n sufficiently large. The filled Julia set is, by definition,
K =K(f )= {z ∈C: f n(z) is bounded}.
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Then J = bdK and C \ K is connected. There exists a local holomorphic change of
coordinates Φ (Bötcher coordinate map) defined in a neighborhood of infinity, such that(
Φ ◦ f ◦Φ−1)(w)=wd.
The map Φ is unique up to multiplication by a (d − 1)-root of unity. Green’s function
G :C→R is defined as the continuous extension of log |Φ(z)| on C satisfying G(f (z))=
dG(z). Thus, G is continuous on C, harmonic on C \K , constantly equal to zero on K ,
G(z)= log |z| +O(1) when |z| →∞, and G(f (z))= dG(z) for all z.
In the case when all critical orbits of f escape to ∞, we describe the Branner–
Hubbard puzzle. Let ω1, . . . ,ωd−1 be the critical points of f . Note that G(ωi) > 0 for
all i ∈ {1, . . . , d − 1}, the critical points of G in C \K are the points ωi together with all of
their inverse images under iterates of f . The critical values of G are 0 and numbers of the
form G(ωi)/dk with k  0. Choose a regular value G0 ∈ (0,mini{G(f (ωi))}) of G. For
each k  0, the region G−1[0,G0/dk] is bounded by smooth curves and is a disjoint union
of finitely many topological closed disks. Each such a disk is called a puzzle piece of depth
k, and f maps each puzzle piece of depth k by a conformal isomorphism onto a puzzle
piece of depth k− 1. We will denote by Pk a generic puzzle piece of depth k and by Pk(z)
the puzzle piece of depth k containing the point z. It is known that if Pk+1 ⊂ Pk then
Pk+1 ⊂ intPk , so Pk \ intPk+1 is a non-degenerate annulus, and ⋂k0 Pk(z)= {z}. This
construction eventually implies that J =K is a Cantor set of measure zero. As a reference
for these facts, we recommend [7].
Suppose that G−1[0,G0] consists of m disjoint topological disks P 01 , P 02 , . . . ,P 0m,
which are the puzzle pieces of depth zero. The inverse image of each disk P 0i under f
consists of d disjoint disks P 1ij , with i ∈ {1, . . . ,m} and j ∈ {1, . . . , d}. Altogether, there
are md disjoint disks, which are all puzzle pieces of depth one, located in the interior of
the puzzle pieces of depth zero. We say that a sequence {P 1ikjk }k=1,...,n of puzzle pieces
of depth zero is a closed n-chain if P 1ik+1jk+1 ⊆ intf (P 1ikjk ) for all k = 1, . . . , n − 1, and
P 1i1j1 ⊆ intf (P 1injn ).
Lemma 1. If all critical orbits of f escape to infinity, then, for every n  0, there are
exactly dn distinct closed n-chains of puzzle pieces of depth one.
Proof. Note that all periodic points of f are in K(f ) = J (f ). The solutions of the
equation f n(z) = z are the dn periodic points of period n. If they are all distinct, they
must lie within dn distinct closed n-chains of puzzle pieces of depth one.
Assume, by contradiction, that some roots have multiplicity greater than one. These
roots are the critical points of the map f n − id. Define fθ = f + θ , with θ ∈ C. The new
function fθ is a polynomial of degree d with exactly the same critical points as f , but
with different periodic points. The puzzle pieces for f are not puzzle pieces for the new
map fθ . The image fθ (P 1ij ) of a puzzle piece of depth one for f is a shifted puzzle piece
P 0i + θ of depth zero for f . We can choose θ small enough in absolute value so that, for
each i = 1, . . . ,m, the set P 0i + θ contains in its interior exactly the same puzzle pieces of
depth one as the original puzzle piece P 0i . With this assumption, the closed n-chains with
respect to f remain closed n-chains with respect to fθ . Choosing |θ | sufficiently small,
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we can assume that all fixed points of f nθ are simple. That is, fθ has exactly dn distinct
periodic points of period n.
The largest positively invariant set of fθ within {P 1ij }i,j is the Julia set J (fθ ) associated
to fθ . Each component Jθ ∩ P 1ij shrinks with respect to the Poincaré distance under
backward iterates of fθ by a factor bounded away from one. This implies that for every
sequence {P 1ikjk }k∈N of puzzle pieces of depth one, the set⋂
k∈N
f−kθ
(
P 1ikjk
)
is either empty or reduces to a single point in J (fθ ). All points in J (fθ ) can be obtained
like that. Therefore, to every periodic point of period n of fθ , it corresponds a closed n-
chain of puzzle pieces of depth one. Now, to every closed n-chain of puzzle pieces of
depth one, it corresponds a distinct periodic point of period n of f . This contradicts the
assumption on f . ✷
Theorem 3.1. If all critical orbits of f escape to infinity, then the dynamical system (J, f|J )
is semi-conjugate to the full one sided shift space on d symbols, so that the inverse image
of every periodic orbit of σ contains a periodic orbit of f .
Proof. Let {Bi}i∈{1,...,md} be the puzzle pieces of depth one. It is easy to check that they
satisfy the condition (3) in Theorem 2.1. Indeed, f−1(Bl) is a collection of puzzle pieces
of depth two, located in the interior of some puzzle pieces of depth one, while f (Bi) is
a puzzle piece of depth zero. Hence f (Bi) ∩ Bj ∩ f−1(Bl) is either empty or equal to
Bj ∩ f−1(Bl)⊆ intBj .
Let A be the transition matrix defined by (4). An admissible block sequence {Nai }i∈N
is always of the form {P 1(f i(z))}i∈N, for some unique z ∈ Na0 = P 1(z). Let Nai =
P 1(f i(z)) and Lai = P 1(f i(z)) \ intf−1(P 1(f i+1(z))) = P 1(f i(z)) \ int(P 2(f i(z))),
which is a non-degenerate annulus, for all i ∈N. Then
Hk
Z2
(Nai ,Lai )=
{
Z2 if k = 2,
0 otherwise,
and
Fkai+1ai =
{
idZ2 if k = 2,
0 otherwise,
hence
Conk
(
(Nai ,Lai )i
)= { · · ·→ Z2 id−→ Z2 id−→ Z2 id−→ Z2 if k = 2,
0 otherwise.
The Z2 coefficients were chosen in order to simplify the computation of the connecting
homomorphisms. The conditions of Theorem 2.1 are therefore satisfied. For every (ai)i ∈
ΣmdA , there exists a unique z ∈ J with⋂
i0
f−i (Nai )=
⋂
i0
f−i
(
P 1
(
f i(z)
))=⋂
i0
P i(z)= {z},
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and any point z ∈ J can be obtained as above, hence the maximal invariant set detected
must be J . So there exists a semi-conjugacy ρ1 from (J, f|J ) to the sub-shift of finite type
(ΣmdA ,σA), such that the inverse images of periodic orbits of σA contain periodic orbits
of f .
We will now define a semi-conjugacy from (ΣmdA ,σA) to (Σd,σ ), so that inverse
images of periodic orbits of σ contain periodic orbits of σA. From Lemma 1, we know
that there exist dn closed n-chains, for any length n. We divide the puzzle pieces of level
one into d disjoint classes C1,C2, . . . ,Cd as follows. There are d puzzle pieces of depth
one that constitute the closed 1-chains: we assign one such a piece to each class. There are
d2 pairs of puzzle pieces of depth one that constitute the closed 2-chains: we assigns the
components of all of these pairs to the classes in such a way that every pair {Ci,Cj } of
classes contains at least one closed 2-chain. Of course that this latter assignment can be
done in several ways. We continue with adding puzzle pieces to the classes so that every
triple {Ci,Cj ,Ck} of classes contains at least one closed 3-chain, and so on. At each step
one may need to review the previous steps and chose a different assignment, if necessary.
Since there are md puzzle pieces of depth one, we can arrange them in these classes into
finitely many steps.
Define π : {P 1ij } i=1,...,m
j=1,...,d
→{Ck}k=1,...,d by
π
(
P 1ij
)= Ck if and only if P 1ij ∈ Ck,
and ρ2 :ΣmdA →Σd by
ρ2(a0, a1, . . .)=
(
π(a0),π(a1), . . .
)
.
By construction, the inverse images through ρ2 of periodic orbits of σ contain periodic
orbits of σA, thus ρ := ρ2 ◦ ρ1 :J → Σd is a semi-conjugacy satisfying the desired
properties. ✷
In the case when exactly one of the d − 1 critical points of f has a bounded orbit,
the Branner–Hubbard puzzle has the same properties as in the previous case except that⋂
k0P
k(z) is the connected component of K which contains the given point z. See Fig. 2.
In this case (J, f|J ) is not conjugate either to a shift or to a sub-shift of finite type. See
[7]. Nevertheless we can prove:
Theorem 3.2. The dynamical system (J, f|J ) is semi-conjugate to a chaotic sub-shift of
finite type.
Proof. Suppose that there are m puzzle pieces of depth zero. The unique critical point
whose orbit does not escape to infinity is in the filled Julia set, so it is inside one of the
puzzle pieces of depth zero. The inverse image of this particular piece consists of d − 1
puzzle pieces of depth one, while the inverse image of each one of the rest of m− 1 pieces
consists of d puzzle pieces of depth one. Altogether, there are md − 1 puzzle pieces of
depth one.
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Fig. 2. Puzzle pieces of depth zero and one for a Julia set.
We define the transition matrix A and the block sequences {Nai }i as in the proof of
Theorem 3.1. For any sequence a = (ai)i ∈ Σmd−1A , the maximal set whose successive
iterates stay within {Nai }i is⋂
i0
f−i (Nai )=
⋂
i0
Pi(z)=Kz,
where Kz is the connected component of the filled Julia set K which contains z, for
some z ∈ J . Note that K is positively invariant with respect to f , and any component
of the filled Julia set can be obtained as above. Using Theorem 2.1 we obtain a semi-
conjugacy ρ1 from (K,f|K) to (Σmd−1A ,σA) satisfying the property that the inverse images
of periodic orbits of σA contain periodic orbits of f . This semi-conjugacy maps each
connected component Kz into a sequence a ∈ Σmd−1A . We replace ρ1 by its restriction
ρ′1 from (J, f|J ) to (Σ
md−1
A ,σA). This new mapping is still a semi-conjugacy, but the
inverse images of periodic points in Σmd−1A may fail to contain periodic points in J . At
last, we recall that the there exists n 0 such that f n(P 0i ) contains the entire Julia set, for
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every i = 1, . . . ,m. This implies that every entry in An is positive, thus A is primitive. We
conclude that (Σmd−1A ,σA) is chaotic. ✷
Remark 1. Due to the stability property of the Conley index, Theorems 3.1 and 3.2 remain
true for all sufficiently small perturbations of the function f in the space of polynomials
of degree d , although these perturbations may no longer satisfy the corresponding
requirements on the critical orbits.
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